We shall prove Theorem 1.3 in § 3 and apply Theorem 1.3 in § 7 to obtain a similar result for canonical thresholds.
Note that for all possible values of the degree K and dimension N one can always find a smooth hypersurface with boundary satisfying condition (1.1) such that the inequality in Theorem 1.3 becomes an equality. Example 1.4. Let X ⊂ P N be a hypersurface of degree K described by the equation
x K i and let B X be equal to D, the hyperplane section x 0 = x 1 of X. Then we have the equality λ(X, B X ) = min((N − 1)/K, 1). Example 1.4 enables us to expect the following result. 
where S is hyperplane section that is a cone of degree K N, rS,
where S is a hyperplane section of X and N > K, rS + Σ, where S is a subvariety of X, Σ is a boundary in X, N 3, and N > K.
In this paper we prove Conjecture 1.5 in the following cases: in § 4 for N = 3 and K N , in § 5 for N = 4 and K N , in § 6 for all N > K.
Remark 1.6. The results of § 5 show that if N > 4 and K N , then to prove Conjecture 1.5 one may assume that B X = D for some hyperplane section D of the hypersurface X.
Remark 1.7. It is possible to generalize the methods of § 5 to higher-dimensional cases by making essential use of the Log Minimal Model Program.
In the next section we consider several concepts and preliminary results used in the proof of Theorem 1.3 and several cases of Conjecture 1.5. § 2. Locus of log canonical singularities
In this section we consider properties of the so-called locus of log canonical singularities introduced originally by Shokurov.
We fix a log pair
where all the b i are real positive numbers and all the B i are irreduced and reducible effective Weil divisors on X. Assume also that the divisor K X + B X is R-Cartier. A centre of the log canonical singularities is of a local nature. Nevertheless, we can consider its global analogue. Definition 2.3. We denote by LCS(X, B X ) the set of centres of the log canonical singularities of a log pair (X, B X ).
On the set LCS(X, B X ) we can introduce a scheme structure. To this end we consider some birational morphism f : W → X such that W is smooth and the union of all strict transforms of the divisors B i on W and all f-exceptional divisors makes up a divisor with simple normal crossing singularities. Let (W, B W ) be a log pair on W such that f(B W ) = B X and
Remark 2.4. Usually, a birational morphism f is called a log resolution of the log pair (X, B X ) and the log pair (W, B W ) is called a log pull back of the log pair (X, B X ).
Definition 2.5. The subscheme associated with the ideal sheaf
is called the log canonical singularity subscheme of the log pair (X, B X ) and denoted by L(X, B X ).
We point out also the obvious fact that each centre of log canonical singularities of a log pair (X, B X ) lies in the support of the subscheme L(X, B X ).
Definition 2.6. The support of the subscheme L(X, B X ) is called the locus of log canonical singularities of the log pair (X, B X ) and denoted by LCS(X, B X ).
Note that there is a slight ambiguity in our regarding LCS(X, B X ) as a subvariety and a set of subvarieties at the same time. We hope that this will not lead to confusion.
The next result is known as the Shokurov vanishing.
Theorem 2.7. Let H be a nef and big divisor on X such that K X + B X + H is numerically equivalent to a Cartier divisor D. Then H i (X, I(X, B X ) ⊗ D) = 0 for all i > 0.
Proof. By the Kawamata-Vieweg vanishing, for i > 0,
Hence the degeneration of the spectral sequence
and the equality f * (f * (D) + −B W ) = I(X, B X ) ⊗ D yield for all i the relation
On the other hand, for all i > 0,
by the Kawamata-Vieweg vanishing.
For each Cartier divisor D on X we have the exact sequence
Applying Theorem 2.7 we arrive at the following result, which is also well known as the Shokurov connectedness theorem.
Theorem 2.8. Suppose that the divisor −(K X + B X ) is nef and big. Then the locus of canonical singularities LCS(X, B X ) is connected.
The next statement is a relative version of Theorem 2.8.
Theorem 2.9. Let g : X → Z be a morphism with connected fibres such that the divisor −(K X + B X ) is g-nef and g-big. Then the locus LCS(X, B X ) is connected in the neighbourhood of each fibre of g.
One application of Theorem 2.9 is an inductive connection between centres of log canonical singularities and so-called centres of canonical singularities. In § 7 we describe an application of Theorem 1.3 to finding lower bounds for canonical thresholds on smooth hypersurfaces. To this end we shall require the following result, a special case of the so-called Inverse of adjunction. Proof. Let f : W → X be a log resolution of (X, B X + H) and let H = f −1 (H). Then on W we have
Note that
{Z, H} ⊂ LCS(X, B X + H).
Hence applying Theorem 2.9 to the log pullback of the log pair (X, B X + H) on W we obtain H ∩ E = ∅ for some divisor E = H on W such that a(X, B X , E) −1. Our claim now follows from the relations
Proof of the main result
In this section we prove Theorem 1.3. Consider a smooth hypersurface X of degree K in P N , where N = 1, and a log pair (X, B X ) such that B X ≡ H, where H is a hyperplane section of X. Let µ be an arbitrary real positive number that is smaller than min((N − 1)/K, 1).
Lemma 3.1. The singularities of the log pair (X, µB X ) are log terminal.
Note that Lemma 3.1 yields the inequality
Remark 3.2. Theorem 1.3 follows from Lemma 3.1. We shall use the following result of Pukhlikov (see [2] ). Proof. We consider a sufficiently general cone R C over the curve C. Then
where C is some curve on X of degree (K − 1) deg(C). The generality of the cone R C means that the intersection C ∩ C is transversal and consists of precisely (K − 1) deg(C) distinct points (see [2] ). On the other hand, the curve C does not lie in the support of the boundary B X for the same reasons. Thus,
Hence mult C (B X ) r.
Note that Statement 3.3 yields the following result. Proof of Lemma 3.1. Assume that the singularities of the log pair (X, µB X ) are worse than log terminal. We shall show that this assumption leads to a contradiction.
This assumption and Corollary 3.4 yield the existence of a point O in X such that O is a centre of log canonical singularities of (X, µB X ). We choose a projection γ : X → P N−1 such that the morphism γ isétale in a neighbourhood of O and for all B i containing O the restrictions of γ
Then the point γ(O) is an isolated centre of log canonical singularities of the log pair (P N−1 , µB P N−1 ).
Let L be a log canonical subscheme of the log pair (P N−1 , µB P N−1 ), let I be the ideal sheaf associated with the subscheme L, and D a Cartier divisor on P N−1 . Then the exact sequence of sheaves
In addition,
. Then the inequality µ < min((N − 1)/K, 1) shows that for some ample divisor L on P N−1 ,
Thus, it follows from Theorem 2.7 that the map
In this section we prove Conjecture 1.5 for surfaces of degree greater than 2. Let X be a smooth surface of degree K 3 in P 3 and let (X, B X ) be a log pair on X such that 
Remark 4.2. Obviously, λ(X, B X ) = 2/(rK) in the case when the boundary B X is a multiple of a sum of K lines on X passing through some common point.
Thus, we only have to prove the "only if" part of Theorem 4.1. Assume that the singularities of the log pair (X, (2/(rK))B X ) are not terminal. We claim that in this case the boundary B X is proportional to a sum of K lines on X passing through some common point. Hence there exists a point O on the hypersurface X that is a centre of log canonical singularities of the log pair (X, (2/(rK))B X ). Proof. Arguing by contradiction assume that some curve B j is not a component of X ∩ T . Then we can find a projection γ : X P 2 from some point in B j such that the rational map γ isétale in a neighbourhood of O and for all B i containing O the restrictions
Then the point γ(O) is an isolated centre of log canonical singularities of the log pair (P 2 , (2/(rK))B P 2 ) and
where L is some ample divisor on P 2 . Let L be the log canonical singularity subscheme of (P 2 , (2/(rK))B P 2 ), and I the ideal sheaf associated with the subscheme L. Then the exact sequence
gives us an exact sequence
is the support of an isolated component of the subscheme L. By Theorem 2.7, H 1 (I(−1)) = 0.
We have thus proved that all the B i are irreducible reduced components of X ∩ T , where T is the hyperplane in P 3 tangent to X at the point O. Note that by Statement 3.3,
However, both T and X are smooth surfaces, therefore
and on X we have
The required result follows now from [3] .
We require Lemma 4.5 for the demonstration of the following property of the boundary B X .
However, it follows from Lemma 4.5 that bi>r (b i − r)B i 2 is non-positive.
We now regard all the curves B i and the point O as subvarieties of T ∼ = P 2 and denote the boundary n i=0 B i by S. Note that O is an isolated centre of log canonical singularities of the log pair (P 2 , (2/K)S).
Remark 4.7. It follows from Theorem 1.3 that the log pair (X, (2/(rK))B X ) has log canonical singularities. Hence the log pair (P 2 , (2/K)S) also has log canonical singularities.
Let L be the log canonical singularity subscheme of (P 2 , (2/K)S). Then the natural map
is surjective by Theorem 2.7.
Corollary 4.8. O is the unique centre of log canonical singularities of (P 2 , (2/K)S).
Consider now a birational morphism f : V → P 2 such that f is an isomorphism everywhere outside O, the surface V is smooth, and
where S = f −1 (S), E and G are effective f-exceptional divisors, and E = 0. Note that the negativity of the intersection form of curves in the support of G and the strict inequality K V · G < 0 mean that at least one component of G can be contracted to a smooth point. Hence we can assume that G = ∅.
Let C be an f-exceptional curve on V that is not a component of the support of E and has a non-trivial intersection with E. Then K V · C < 0. Hence C can be contracted to a smooth point.
Remark 4.9. We can assume that the birational morphism f : V → P 2 is an isomorphism outside O, the surface V is smooth, and
where E is an effective f-exceptional divisor on V such that E = 0 and the support of E contains all f-exceptional divisors on V . The singularities of the log pair (V, (2/K) S +E) are log canonical and the divisor
is not nef. Hence we can apply the Log Minimal Model Program to the log pair (V, (2/K) S + E), and therefore there exists a morphism g : V → W such that the divisor −(K V +(2/K) S +E) is g-ample and g is either a P 1 -bundle or a contraction of an irreducible smooth rational curve. Proof. Let g be a P 1 -bundle and let C be a sufficiently general fibre of g. Then
On the other hand,
Hence f(C) is a line on P 2 passing through the point O and all the components of S are fibres of the morphism g. In particular, all the curves B i are lines on X passing through O.
Thus, we can assume that g is a contraction of an irreducible smooth rational curve C. Proof. The required result follows from the inequalities
and
Remark 4.12. We shall assume in what follows that K 4 because for K = 3 the proof of Theorem 4.1 can be completed in an obvious way.
We set ρ = f • g −1 , S = g( S), E = g(E), and D = g(D), where D is a sufficiently general irreducible reduced curve in the linear system |f * (O P 2 (1))|.
Remark 4.13. The set {W, ρ, S, E, D} has the following properties:
S is a reduced curve;
the support of E contains all ρ-exceptional curves on W ; the support of E does not contain components of S;
The properties Λ(W, ρ, S, E, D) ensure the existence of a morphism h : W → U such that the divisor −(K W + (2/K)S) is h-ample and h is either a P 1 -bundle or a contraction of a smooth rational curve. Proof. In the case when Z does not lie in the support of E,
is a line on P 2 passing through O, and the curve Z is a component of S such that Z 2 = −1.
In the case when Z lies in the support of the divisor E,
Hence Z 2 = −1 and
Hence in this case the inequality Z ∩ E = ∅ leads to a contradiction. In this section we prove Conjecture 1.5 for 3-folds of degree not lower than 4. For a smooth hypersurface X of degree K in P 4 with K 4 we consider a log pair
and all the divisors B i are irreducible and reduced.
Remark 5.1. It follows from the equality Pic(X) = Z that B X ≡ rH for some r ∈ R >0 , where H is a hyperplane section of X.
Theorem 5.2. The equality λ(X, B X ) = 3/(rK) holds if and only if B X = rS, where S is a hyperplane section of X that is a cone over a smooth plane curve of degree K.
Note that the "if" part of Theorem 5.2 is trivial. Hence to prove the "only if" part of the theorem we assume that λ(X, B X ) = 3 rK .
In particular, the singularities of the log pair (X, (3/(rK) )B X ) are not log terminal.
We merely need to show that in this case B X = rS, where S is a cone, because the other properties of S are consequences of Statement 3.3.
Remark 5.3. It follows from Statement 3.3 that each centre of log canonical singularities of the log pair (X, (3/(rK))B X ) is a point in X.
We can thus assume that there exists a point O in X that is an isolated centre of log canonical singularities of the log pair (X, (3/(rK))B X ).
Lemma 5.4. B X = rS, where S is a hyperplane section of X that is singular at the point O.
Proof. We choose a projection γ : X P 3 such that the rational map γ isétale in a neighbourhood of O and for all divisors B i containing O the restrictions
Then the point γ(O) is an isolated centre of log canonical singularities of the log pair (P 3 , (3/(rK))B P 3 ). Let L be the log canonical singularity subscheme of the pair (P 3 , (3/(rK))B P 3 ), let I be the ideal sheaf associated with L, and D a Cartier divisor on P 3 . Then the exact sequence
induces the exact sequence of groups
Note that the point γ(O) is the support of an isolated component of L. Hence H 0 (L(D)) = 0.
in the case when all the restrictions γ| Bi are morphisms. However, if some rational map γ| Bi is not a morphism, then
where L is an ample divisor on P 3 , and Theorem 2.7 shows that H 1 (I ⊗ D) = 0 and the map
is surjective, which contradicts the inequality H 0 (L(D)) = 0. Let S = X ∩ T , where T is the hyperplane in P 4 tangent to X at O. Then S is an irreducible sequence because Pic(X) = Z. Assume that B i = S for some i. Then we can choose γ to be the projection from some point P in B i . For if P / ∈ S, then the projection from P isétale in a neighbourhood of O and we may choose P in B i such that all restrictions γ| Bi are one-to-one in a neighbourhood of O for all surfaces B i containing O. Hence our previous arguments and the relation B X ≡ rH show that B X = rS.
We have thus proved that B X = rS, where S is a hyperplane section of X singular at O.
Remark 5.5. It follows from Statement 3.3 that the singularities of S are isolated. On the other hand S has hypersurface singularities. Hence the surface S is normal.
We now regard the surface S and the point O as subvarieties of P 3 . Then O is an isolated centre of log canonical singularities of the log pair (P 3 , (3/K)S). Moreover, the log pair (P 3 , (3/K)S) has log canonical singularities by Theorem 1.3.
Let L be the log canonical singularities subscheme of the log pair (P 3 , (3/K)S). Then the map
Corollary 5.6. The point O is the unique centre of log canonical singularities of the log pair (P 3 , (3/K)S).
To complete the proof of Theorem 5.2 we log generalize the main idea of [4] . Let h : Y → P 3 be a log terminal modification of the log pair (P 3 , (3/K)S) and let t : V → Y be a terminal modification of Y . Then the birational morphism f = h • t is an isomorphism outside O, the 3-fold V has terminal Q-factorial singularities, and
where S = f −1 (S). Note that the f-exceptional divisor E is effective and its support coincides with the support of the exceptional locus of the birational morphism f.
Moreover, E = 0. The singularities of the log pair (V, (3/K) S + E) are log canonical. In particular, we can apply the Log Minimal Model Program to this log pair. Thus, the equivalence
ensures the existence of an extremal contraction g : V → W such that the divisor −(K V + (3/K) S + E) is g-ample. Note that W is not a point.
Remark 5.7. There exist no curves on V contractible by both g and f.
Lemma 5.8. The extremal contraction g is neither a del Pezzo fibration nor a contraction of a divisor to a point.
Proof. Assume that g is either a del Pezzo fibration or a contraction of a divisor to a point. Then g maps some surface F on V into a point in W and
By the Q-factoriality of V the intersection F ∩ E contains a curve contracted by both morphisms, f and g.
Lemma 5.9. The morphism g is not a small contraction.
Proof. Assume that g is a small contraction and let C be a curve contracted by g.
Then it is well known that K V · C > −1 (see [5] ). On the other hand,
Hence C ⊂ S and S · C < 0. The last inequality yields
Let h : S → S be a normalization of S. By the adjunction formula (see [6] ),
However, the surface S is non-singular at a general point of C and, in particular, C does not lie in Diff S (0). Thus,
On the other hand the curve h −1 (C) is contractible on the surface S. Hence it follows easily that K S · h −1 (C) −1.
Proof of Theorem 5.2. We have already proved that g is either a contraction of the surface to a curve or a conic bundle. Let C be a sufficiently general fibre of g. Then
Assume that g is a conic bundle. Then
because components of the divisor E cannot lie in fibres of g. Thus,
Hence f(C) is a line passing through O and S lies in fibres of g. It immediately follows from the second result that S is a cone in P 3 .
To complete the proof we assume that the morphism g is a contraction of some surface to a curve. In this case the inequality
shows that g contracts the surface S. Thus,
Hence f(C) is a line in S, and therefore S is a cone in P 3 . § 6. Hypersurfaces of small degree
In this section we prove Conjecture 1.5 for hypersurfaces of degrees not exceeding their dimensions.
Let X be a smooth hypersurface of degree K in P N with K < N and let (X, B X ) be a log pair on X such that B X ≡ rH for some positive real number r ∈ R >0 , where H is a hyperplane section of the hypersurface X. 
where S is a hyperplane section of X and N>K, rS+Σ, where S is a subvariety of X, Σ is a boundary, N 3, and N>K .
Proof. It follows from Statement 3.3 that the log pair (X, (1/r)B X ) has no centres of log canonical singularities of positive dimension with the only possible exception of components of B X . Moreover, in the case when no components of the boundary B X are centres of log canonical singularities of the log pair (X, (1/r)B X ) we can repeat the proof of Lemma 3.1 verbatim to show that the singularities of the log pair (X, (1/r)B X ) are log terminal.
Thus, either λ(X, B X ) > 1/r or B X = rS + Σ, where S is a subvariety of X and Σ a boundary. To complete the proof we must now show that Σ = ∅ for N 4. In this case, however, Pic(X) = Z, which brings us to the required result. § 7. Canonical thresholds Let X be a smooth hypersurface of degree N in P N for N 4, (X, B X ) a log pair on X, and r a positive real number such that B X ≡ rH, where H is a hyperplane section of the hypersurface X.
Definition 7.1. The largest real number µ such that the singularities of (X, µB X ) are canonical is called the canonical threshold of the log pair (X, B X ) and denoted by µ(X, B X ).
Theorem 7.2. The following inequality holds:
Proof. Assume that the reverse inequality holds. Then for some positive µ that is smaller than (N − 2)/(rN ) the singularities of the log pair (X, µB X ) are not terminal and it follows from Statement 3.3 that there exists a point O in X that is a centre of log canonical singularities of the log pair (X, µB X ). Let H be a sufficiently general hyperplane section of X passing through O. Then O is a centre of log canonical singularities of the log pair (H, µB X | H ) by Theorem 2.11, which is impossible in view of Theorem 1.3.
Note that Theorem 7.2 is significant in view of a relation existing between socalled birational rigidity and the canonical thresholds of movable log pairs (see [7] ). Statement 7.3. Suppose that the inequality µ(X, M X ) 1 holds for all movable log pairs (X, M X ) on a hypersurface X with K X + M X ≡ 0. Then Bir(X) = Aut(X) and X is not birationally isomorphic to a Mori fibration not biregular to X.
This follows from Theorem 4.2 of [8] . The canonical threshold of an arbitrary movable log pair (X, M X ) such that K X + M X ≡ 0 has been proved to be not less than 1 for N = 4, 5, 6, 7, 8 (see [9] - [11] ); the same has been proved for all N 4 if the hypersurface X is general (see [12] ).
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